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Abstract
The aim of the current paper is to study the multiscalar-tensor theories of gravity
without derivative couplings. We construct a few basic objects that are invariant under a
Weyl rescaling of the metric and transform covariantly when the scalar fields are redefined.
We introduce rules to construct further such objects and put forward a scheme that allows
to express the results obtained either in the Einstein frame or in the Jordan frame as
general ones. These so called “translation” rules are used to show that the parametrized
post-Newtonian approximation results obtained in the aforementioned two frames indeed
are the same if expressed in a general frame.
Keywords: Multiscalar-tensor theories of gravity; invariants; conformal frames.
1 Introduction
Multiscalar-tensor gravity (MSTG)1,2 generalizes the well known Jordan-Brans-Dicke scalar-
tensor gravity (STG) by including more scalar fields non-minimally coupled to curvature.
In recent years these theories have mostly attracted attention by providing models for infla-
tion,3–10 dark energy,11–13,15 and relativistic stars.16 To make a reliable use of these models
the details of mathematical correspondence and physical interpretation of different MSTG
conformal frames need to be understood, e.g. in the context of cosmological perturbations,8,9
gravitational particle production,10 or one-loop divergences.17
As has been argued recently for a single field case the mathematical comparisons between
the results obtained in different frames are greatly facilitated by quantities which remain invari-
ant under the conformal Weyl rescaling of the metric and scalar field reparametrization.18–20
In this brief note we generalize the formalism of invariants to the multiscalar case.
The paper is organized as follows. In Sec. 2 we postulate an action functional for multiscalar-
tensor theories of gravity, invoke the Weyl rescaling of the metric and redefinition of the scalar
fields in order to study the transformation properties of the unspecified functions contained
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in the action. The equations of motion and the Einstein and the Jordan frame are introduced
in Sec. 3. Next, Sec. 4 is devoted to the functions of the scalar fields as well as to the metric
tensors for the space of scalar fields that are invariant under the local Weyl rescaling of the
(spacetime) metric. We note that a spacetime Weyl rescaling induces a disformal transforma-
tion in the space of scalar fields. Based on these results, in Sec. 5 we construct the so called
“translation” rules for both the Einstein frame and the Jordan frame. These are used in Sec.
6 in order to express the parametrized post-Newtonian approximation results1,2, 21 in a generic
frame.
2 Action Functional and Transformations
Let us start by postulating an action functional (generalizing Refs. 18,22)
S =
1
2κ2
∫
V4
d4x
√−g {A(Φ)R− BAB (Φ) gµν∇µΦA∇νΦB − 2`−2V (Φ)}
+ Sm
[
e2α(Φ)gµν , χ
]
(1)
describing a generic multiscalar-tensor theory of gravity without derivative couplings.1–3 It
contains three unspecified functions A(Φ), V(Φ), α(Φ) and one invertible symmetric square
matrix function B(Φ)AB of order n. Each of the three unspecified functions as well as the
entries of the matrix B(Φ)AB in general depend on all n scalar fields denoted by the set
Φ ≡ {ΦA}n
A=1
as an argument of these quantities. We consider the scalar fields ΦA, the
functions A(Φ), V(Φ), α(Φ) and the entries of BAB(Φ) to be dimensionless. In order for the
latter to be consistent with c = 1, while ~ and GN are left unspecified, we have introduced
constants κ2 having the dimension of the Newtonian gravitational constant GN and ` > 0
having the dimension of length. The matter fields, collectively denoted by χ, are described by
the action Sm.
The functions A(Φ) and α(Φ) characterize the scalar coupling to curvature and to matter,
respectively. The interactions between the scalar fields are gathered into V(Φ) which is often
referred to as potential. The matrix B(Φ)AB gives the kinetic couplings of the scalar fields.
One might want to apply the local Weyl rescaling to the metric tensor gµν and reparametrize
the scalar fields ΦA as
gµν = e
2γ¯(Φ¯)g¯µν , (2a)
ΦA = f¯A
(
Φ¯
)
. (2b)
Often the term change of the frame is used to refer to the conformal transformation (2a)
of the metric tensor, while (2b) is dubbed the change of the parametrization. If under the
transformations (2) the arbitrary functions of the scalar fields, contained in the action (1), are
imposed to transform as
A(f¯(Φ¯)) = e−2γ¯(Φ¯)A¯(Φ¯) , (3a)
V(f¯(Φ¯)) = e−4γ¯(Φ¯)V¯(Φ¯) , (3b)
α(f¯(Φ¯)) = α¯(Φ¯)− γ¯(Φ¯) , (3c)
BAB(f¯(Φ¯)) = e−2γ¯(Φ¯)
(
f¯C,A
)−1 (
f¯D,B
)−1 {
B¯CD(Φ¯)− 6γ¯,C γ¯,DA¯(Φ¯)
+3
(
γ¯,DA¯,C + γ¯,CA¯,D
)}
(3d)
2
where f¯(Φ¯) ≡ {f¯A(Φ¯)}n
A=1
, then the action functional (1) is invariant up to a boundary term
which we shall neglect.
Here and in the following we shall make use of the convention where the “barred” (“un-
barred”) quantities are functions of the “barred” (“unbarred”) scalar fields
{
Φ¯A
}
(
{
ΦA
}
). In
addition, each index A written after a comma denotes a partial derivative with respect to
(w.r.t.) a scalar field. If such a combination is a subscript of a “barred” (“unbarred”) quantity
then the partial derivative is taken w.r.t. the “barred” (“unbarred”) scalar field, e.g.
γ¯,A ≡ ∂γ¯(Φ¯)
∂Φ¯A
, A,A ≡ ∂A(Φ)
∂ΦA
. (4)
We have introduced all these conventions in order to be able to drop the arguments of the
functions without generating ambiguities.
The transformation (2b) can be considered as a coordinate transformation in the n-dimensional
space of scalar fields. Then
f¯A,C ≡
∂f¯A
∂Φ¯C
≡ ∂Φ
A
∂Φ¯C
. (5)
is a Jacobian matrix and
(
f¯C,B
)−1 ≡ ∂Φ¯C/∂ΦB is its inverse.
3 Equations of Motion, Frames and Parametrizations
Varying the action functional (1) w.r.t. the metric gµν and w.r.t. the scalar fields ΦC gives us
the following equations of motion:
A
(
Rµν − 1
2
gµνR
)
+ gµν
(
1
2
BAB +A,AB
)
gσρ∇σΦA∇ρΦB − (BAB +A,AB)∇µΦA∇νΦB
+A,A
(
gµνΦA −∇µ∇νΦA
)
+ `−2gµνV − κ2Tµν = 0 , (6a)
A,CR + 2BACΦA + (2BBC,A − BAB,C) gµν∇µΦA∇νΦB − 2`−2V,C
+ 2κ2α,CT = 0 . (6b)
Often in the literature some of the unspecified functions contained in the action (1) are given
a fixed functional form, e.g. in order to have a more straightforward physical interpretation.
Let us recall the two setups that are often used.
• For the Einstein frame as used in Ref. 1 let us denote the metric tensor as gEµν and specify
the scalar functions as
A ≡ 1 ≡ AE , BAB ≡ 2BEAB , V ≡ VE , α ≡ αE . (7)
A closer look to the equations of motion (6) reveals that if A ≡ 1 then Eq. (6a) does
not contain the second derivatives of the scalar fields ΦA and hence purely describes
the propagation of the metric tensor gEµν . Analogously Eq. (6b) does not contain the
second derivatives of the metric tensor gEµν and hence describes the propagation of the
scalar fields ΦA. One can further separate the scalar fields by multiplying Eq. (6b) with
the inverse matrix BEBA where BEBABEAC ≡ δBC . It is said that the equations are fully
debraided.23
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• For the Jordan frame in the Brans-Dicke-Bergmann-Wagoner (BDBW) parametrization
as used in Refs. 11, 21 let us denote the metric tensor as gJµν and distinguish one scalar
field Ψ while the others are denoted as Φ¯a, a, b = 1 . . . n− 1, where
A ≡ Ψ ≡ A¯J , V ≡ V¯J , α ≡ 0 = α¯J , (8a)
Bab ≡ B¯Jab , Bna ≡ 0 = B¯Jna , Bnn ≡ B¯nn ≡
ω(Φ¯1, . . . , Φ¯n−1,Ψ)
Ψ
. (8b)
The quantities in the Jordan frame are “barred” for the sake of notational consistency
and the reason will be made clear in Subsec. 5.2. In this frame the action Sm for the
matter fields functionally depends on the geometrical metric gJµν and hence freely falling
particles follow the geodesics of the metric gJµν .
4 Invariants and the Metric for the Space of Scalar Fields
Just as in the case of one scalar field,18 a closer inspection of the transformation rules (3)
allows us to write out two quantities that are invariant under a Weyl rescaling of the metric
(2a) and transform as scalar functions under the scalar fields reparametrization (2b)
I1(Φ) ≡ e
2α(Φ)
A(Φ) , I2(Φ) ≡
V(Φ)
(A(Φ))2 . (9)
We shall call them invariants. Also an arbitrary function of these, e.g.
I4 ≡ I2I21
= e−4αV (10)
is an invariant.18 Note that these quantities are also invariants of a spacetime point. In
comparison with the one scalar field case,18 the third invariant I3 and the other two rules for
constructing further invariants do not generalize so straightforwardly to the case of n scalar
fields. To address this issue, a few preluding remarks about the metric of the space of scalar
fields are in order.
One could take BAB to be the metric of the space of scalar fields and indeed if only the
scalar fields reparametrizations (2b) are considered then BAB transforms as a second order
covariant tensor. However, if also the local Weyl rescaling of the (spacetime) metric tensor is
utilized, then BAB gains additive terms. Our aim is to construct quantities that are invariant
under a Weyl rescaling (2a) and transform covariantly under scalar fields reparametrizations
(2b). Thus, we introduce the metric of the space of scalar fields and its transformation rule as
FAB ≡ 2ABAB + 3A,AA,B
4A2 , FAB =
(
f¯C,A
)−1 (
f¯D,B
)−1 F¯CD . (11)
This allows us to generalize the third invariant I3 as an indefinite integral
I3(Φ) ≡
∫ √
det |FAB| dΦ1 ∧ . . . ∧ dΦn . (12)
We assume FAB to be an invertible matrix and denote its inverse as FBC . Introducing a
covariant derivative in the space of scalar fields via the metric FAB guarantees that the obtained
4
differential operator is invariant under the Weyl rescaling (2a) of the spacetime metric. Note
that FAB can be used to contract indexes as e.g.
I5 ≡ 1
4
FAB (ln I1),A (ln I1),B (13)
and thereby allows us to introduce further invariants.
It is possible to define other objects that transform exactly as FAB. Namely, one could
consider an invariant (Eq. (9) etc.) as a scalar function defined on the space of scalar fields
and invoke a (special) disformal transformation24 of FAB
GAB ≡ 2I1FAB −
3
2I1 (ln I1),A (ln I1),B
=e−2α (BAB − 6Aα,Aα,B + 3 (α,AA,B + α,BA,A)) , (14a)
GBC =I1
2
FBC + I1
2
(1− 3I5)−1 3
4
FBE (ln I1),E FCF (ln I1),F (14b)
where the inverse is calculated by making use of the knowledge about disformal transformations
(cf. appendix A in Ref. 25). Therefore the matrix GAB also fulfils the requirements of the metric
of the space of scalar fields, and can be invoked to construct invariants analogously to Eqs.
(12) and (13).
Let us take a closer look to the relation between metrics (11), (14a) of the space of scalar
fields and BAB. If one chooses to work within the Einstein frame defined by Eq. (7), then
FAB|E = BEAB. If instead the Jordan frame, defined by Eq. (8), is considered then GAB|J =
BJAB. In this sense, we see that a Weyl rescaling (conformal transformation) in the spacetime
introduces a disformal transformation in the space of scalar fields (cf. also Ref. 26). However
this relation is somewhat formal because I1 does not have a dynamics of its own.
5 Translation Rules
For one scalar field case a prescription was developed18,20 how to easily “translate” the results
obtained in a particular frame and parametrization to the general one. The idea is to write
the action in terms of invariant quantities in the form resembling a particular frame and
parametrization and read off the correspondences. In the current paper we generalize this
approach to the multiscalar field case.
5.1 Einstein frame
Let us consider the Einstein frame setup (7) used by Damour and Esposito-Fare`se.1 We start
by defining a spacetime metric
gˆ(E)µν ≡ Agµν (15)
that, in the Einstein frame (A = 1), coincides with the metric gEµν . Note that due to suitable
transformation properties of A, given by Eq. (3a), the metric gˆ(E)µν does not transform under
the local Weyl rescaling (2a). Because of that we shall use the term invariant metric to refer
to gˆ
(E)
µν and other metric tensors having the same transformation properties. Expressing the
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action (1) in terms of the new dynamical metric gˆ
(E)
µν , while neglecting the boundary term, we
get
S =
1
2κ2
∫
V4
d4x
√
−gˆ(E)
{
Rˆ(E) − 2FAB gˆ(E)µν∇ˆ(E)µ ΦA∇ˆ(E)ν ΦB − 2`−2I2
}
+ Sm
[I1gˆ(E)µν , χ] . (16)
The obtained action has preserved all degrees of freedom and hence is as general as action (1).
However, if one fixes the frame to be the Einstein frame (Eq. (7)) then we have the following
mapping
gˆ
(E)
µν 7→ gEµν 1 7→ 1 ≡ AE√
−gˆ(E) 7→
√
−gE FAB ≡ 2ABAB+3A,AA,B4A2 7→ BEAB
Rˆ(E) 7→ RE I2 ≡ VA2 7→ VE
∇ˆ(E)µ 7→ ∇Eµ 12 ln I1 ≡ 12 ln
(
e2α
A
)
7→ αE
(17)
where (E) as a superscript or a subscript denotes that the quantity under consideration is
calculated via the invariant metric defined by Eq. (15) and E (without parenthesis) denotes
that the quantity is expressed in the Einstein frame.20
When one wants to express an invariant quantity calculated in the Einstein frame as a
general result then one has to use the mapping (17) backwards and evaluate everything in
terms of gµν , A, V , α and BAB. Note that as no scalar fields redefinition is used for obtaining
action (16) also the derivative ∂
∂ΦA
is mapped to itself in both directions.
5.2 Jordan frame
Now let us consider the Jordan frame in the Brans-Dicke-Bergmann-Wagoner type parametriza-
tion (8).11,21 Analogously to the previous case, we define an invariant metric
gˆ(J)µν = e
2αgµν . (18)
Expressing the action functional (1) in terms of gˆ
(J)
µν we get
S =
1
2κ2
∫
V4
d4x
√
−gˆ(J)
{
1
I1 Rˆ
(J) − GAB gˆ(J)µν∇ˆ(J)µ ΦA∇ˆ(J)ν ΦB − 2`−2I4
}
+ Sm
[
gˆ(J)µν , χ
]
. (19)
As before, we have neglected the boundary term. The action functional (19) could be used to
read off the “translation rules” for Jordan frame in a generic parametrization. However, in the
current paper we also consider the case where the parametrization is chosen to be the BDBW
parametrization as given by Eq. (8).
In Refs. 11, 21 one scalar field has been made distinct by defining A¯J = Ψ = 1I1
∣∣∣
J
which
multiplies the Ricci scalar. Following that line of thought we redefine the scalar fields
{
ΦA
}→{
Φ¯1, . . . , Φ¯n−1, 1/I1
}
in order to distinguish 1/I1 as a scalar field that has vanishing kinetic
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coupling to the other scalar fields, thereby mimicking conditions (8b). Therefore for the latter
the condition
G¯an ≡ ∂Φ¯
a
∂ΦA
GAB
(
1
I1
)
,B
= 0 , a = 1 , . . . , n− 1 (20)
must hold. Note that this is just a transformation of GAB under a change of coordinates in
the space of scalar fields. In the same spirit
G¯nn = GAB
(
1
I1
)
,A
(
1
I1
)
,B
=
2I5
I1 (1− 3I5) =
(G¯nn)−1 (21)
where the last equality follows from the condition (20). We also made use of Eqs. (14) to write
the expression in terms of FAB hidden in I5. Hence we see that the kinetic term for 1/I1 is
an invariant by itself,20
G¯nngˆ(J)µν∇ˆ(J)µ
1
I1 ∇ˆ
(J)
ν
1
I1 =
I1 (1− 3I5)
2I5 gˆ
(J)µν∇ˆ(J)µ
1
I1 ∇ˆ
(J)
ν
1
I1 . (22)
In addition, due to the condition (20) and to the result (21) it holds that
G¯nn∂Φ
A
∂ 1I1
+ G¯an∂Φ
A
∂Φ¯a
=
2I5
I1 (1− 3I5)
∂ΦA
∂ 1I1
= GAB
(
1
I1
)
,B
. (23)
Thereby we can introduce a differential operator
∂
∂ 1I1
=
∂ΦA
∂ 1I1
∂
∂ΦA
= G¯nnGAB
(
1
I1
)
,B
∂
∂ΦA
= − I1
4I5F
AB (ln I1),B
∂
∂ΦA
(24)
that gives an invariant if acted upon an invariant.
The “translation” rules can be read out from the mapping
gˆ
(J)
µν 7→ gJµν 1I1 7→ Ψ ≡ A¯J√
−gˆ(J) 7→
√
−gJ I1(1−3I5)
2I5 7→ ωΨ ≡ B¯Jnn
Rˆ(J) 7→ RJ I4 ≡ e−4αV 7→ V¯J
∇ˆ(J)µ 7→ ∇Jµ 0 7→ 0 = α¯J
Rˆ
(J)
µν 7→ RJµν − I14I5 (ln I1)
,A ∂
∂ΦA
7→ ∂
∂Ψ
(25)
where, analogously to the previous case the superscript (J) denotes a quantity calculated via the
invariant metric (18) and super or subscript J indicates that the quantity under consideration
is evaluated in the Jordan frame. The mapping for ω
Ψ
follows from Eq. (21), while ∂
∂Ψ
is Eq.
(24) where the indexes are raised with FAB. Similarly to the Einstein frame, if one wants
to “translate” invariant quantities then one has to invoke the mapping (25) backwards. Note
that the rules given by Eq. (25) are not complete but they are sufficient for showing how the
formalism works as is done in the next section.
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6 Parametrized Post-Newtonian Approximation
Each theory must be confronted with experiments. For metric gravity theories a prescription
named the parametrized post-Newtonian approximation (PPN) has been constructed in order
to be able to test the viability of a theory via experiments carried out in the solar system.
In the current paper we do not calculate the PPN parameters but rather show that the
results obtained in different frames generalize to the same invariant and hence are frame-
independent. We start by writing out the results from Ref. 1 where the Einstein frame (without
potential) was considered:
Geff ≡ κ
2
8pi
e2αE
(
1 + BEAB (αE),A (αE),B
)
, (26a)
γ − 1 ≡ −2
(
BEAB (αE),A (αE),B
1 + BEAB (αE),A (αE),B
)
, (26b)
β − 1 ≡
BEAC (αE),C
(
(αE),AB − ΓFAB (αE),F
)
BEBD (αE),D
2
(
1 + BEAB (αE),A (αE),B
)2 (26c)
where ΓFAB are the Christoffel symbols for BEAB.
Second, we write out the results from Ref. 21 obtained in the Jordan frame (without
potential):
Geff ≡ κ
2
8pi
1
Ψ
(
1 +
1
2ω + 3
)
, γ − 1 ≡ − 2
(2ω + 3)
(
1 + 1
2ω+3
) , (27a)
β − 1 ≡ Ψ
∂ω
∂Ψ(
1 + 1
2ω+3
)2 ( 12ω + 3
)3
. (27b)
Here the expression for β differs from the one presented in Ref. 21, because we inverted the
normalization κ
2
8pi
1
Ψ
(
1 + 1
2ω+3
) ≡ 1 in order to get rid of κ2. This result also matches the early
computation2 of γ in the Jordan frame with constant BJAB, as well as the general result for a
single scalar field with a potential.27
One can show that if for Eqs. (26) we use the mapping (17) backwards and for Eqs. (27)
we use the mapping (25) backwards then both generalize to
Geff ≡ κ
2
8pi
I1 (1 + I5) , γ − 1 ≡ −2
( I5
1 + I5
)
, (28a)
β − 1 ≡
(ln I1),A (ln I1),B
(
(ln I1),AB − 12FAB,C (ln I1),C
)
16 (1 + I5)2
(28b)
where the indexes are raised with FAB. Hence, it is evident that physical observables are frame
and parametrization independent since they transform as invariants.
7 Summary
We studied general multiscalar-tensor theories of gravity without derivative couplings. By
introducing quantities that are invariant under a local Weyl rescaling of the spacetime metric
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and transform covariantly if the scalar fields are reparametrized, we generalized the formalism
of the invariants that has been developed in the case of a single scalar field.18,20 Just as in the
latter, we were able to construct rather simple “translation” rules in the context of multiscalar-
tensor theories of gravity as well. By invoking the prescription, one can neatly compare the
results obtained in different frames and parametrizations by “translating” an expression under
consideration to a generic frame. As an example we used the formalism to show that the
results of the parametrized post-Newtonian approximation, calculated in the Einstein frame1
and in the Jordan frame,2,21 indeed are the same if expressed in a generic frame.
It would be interesting to see, how the formalism of invariant quantities generalizes and
could help to explore the next generation of MSTG, namely the theories of multi-Galileons,
multi-Horndeski and beyond,28–30 where the conformal transformation of the metric seems to
generalize to multi-disformal.31
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